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============

Human immunodeficiency virus (HIV) infection is characterized by three different phases, namely the primary infection, clinically asymptomatic stage (chronic infection), and acquired immunodeficiency syndrome (AIDS) or drug therapy. Basic developed techniques for measuring HIV RNA levels are allowing researchers to develop a picture of HIV infection patterns. HIV--1 RNA levels in plasma and serum become extremely high during the 1--2 weeks of acute primary infection, before there was a detectable immune response^[@CR1],[@CR2]^. These levels are higher than at any other time during infection. Acute primary infection is followed by a chronic phase. During the chronic phase, HIV RNA levels drop several orders of magnitude and remain 'nearly constant' for years^[@CR3]--[@CR5]^, where 'nearly constant' includes fluctuations that are less than an order of magnitude up and down for about 90% of the cohort and less than a factor of 100 for the remaining^[@CR4]^. Fluctuations may be caused by transient illnesses and vaccinations. Successful therapy causes a drop in the viral load to a new level that is maintained until viral resistance develops^[@CR6]^. Viral levels differ by many orders of magnitude between individuals. Those people with high viral loads in the chronic phase tend to progress rapidly to AIDS, whereas those with very low loads tend to be slow or nonprogressors^[@CR4],[@CR5],[@CR7],[@CR8]^. During late chronic infection, there is a small increase in HIV-1 RNA levels, at most tenfold, in many individuals^[@CR3]^.

Mathematical modeling is useful for understanding the spread of HIV/AIDS. Thus various models have been developed to describe the spread of this disease according to its characteristics, see refs^[@CR9]--[@CR13]^. A simple homogeneous AIDS model has given by the following system of ODEs^[@CR13]^. The model classifies the sexually active population into three classes that are: susceptibles, infectives and AIDS cases, with population numbers in each class denoted as functions of time by *S*(*t*), *I*(*t*) and *A*(*t*) respectively. Sexually mature susceptibles *S*(*t*), contain sexually mature people in the population who have had no contact with the virus. This compartment increases through maturation of individuals into sexually mature age group and decreases by contagion going to the next compartment and natural death. Sexually mature infectives *I*(*t*), contains sexually mature individuals who are infected with the virus but have not yet developed AIDS symptoms. The number of people in this group would decrease through natural death and development to AIDS after a certain stay in this class (develop symptomatic AIDS). AIDS cases *A*(*t*), are those individuals who have developed fully symptomatic AIDS and exhibit specific clinical features and this class would decrease by natural death and AIDS-related death. The population is assumed to be uniform and homogeneously mixing. The total adult population and sexually interacting adult population are denoted by *N*(*t*) = *S*(*t*) + *I*(*t*). A recruitment-death demographic structure is assumed. Individuals enter the susceptible class at a constant rate *μS* ^0^ \> 0. The natural death rate is assumed to be proportional to the population number in each class, with rate constant *μ* \> 0. The model assumes a constant rate *γ* \> 0 of development to AIDS. In addition, there is an AIDS-related death in the AIDS class which is assumed to be proportional to the population number in that class, with rate constant *δ* \> 0 which is the sum of natural mortality rate and mortality due to illness. In most epidemiological models, bilinear incidence rate is frequently used. The incidence implies that the contact number between susceptible individuals and infected individuals is proportional to susceptible individuals. But it is more realistic that the rate of infection depends on the transmission probability per contact of individuals and the proportion of individuals. Thus the model assumes standard incidence of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta \in {{\mathbb{R}}}_{+}$$\end{document}$. ([1.1](#Equ1){ref-type=""}) assume a homogeneous susceptible population such that there is one group of susceptible individuals, the mean number of contacts, the mean transmission probability, and the mean duration of infection can be defined so that the reproductive number can be always given as the product of these three means. However genetic evidence now exists that individuals may be exhibiting differential susceptibility to the infection. Host genetic factors play a major role in determining the susceptibility to infectious diseases. Further studies are needed to determine the hosts differential susceptibility to various disease as well as its implications to public health. In ref.^[@CR13]^, James M. Hyman and Jia Li, formulated compartmental differential susceptibility (DS) susceptible-infective-AIDS (SIA) models by dividing the susceptible population into multiple subgroups according to the susceptibility of individuals in each group. They derived an explicit formula for the reproductive number of infection for each model. They further proved that the infection-free equilibrium and endemic equilibria of each model were globally asymptotically stable. In this paper, we consider a simple differential susceptibility (DS) model in which the infected population is homogeneous^[@CR13]^:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\begin{array}{rcl}\frac{d{S}_{k}(t)}{dt} & = & \mu ({S}_{k}^{0}-{S}_{k}(t))-\frac{\beta {\alpha }_{k}{S}_{k}(t)\,I(t)}{N(t)},\quad 1\le k\le n,\\ \frac{dI(t)}{dt} & = & \sum _{k=1}^{n}\frac{\beta {\alpha }_{k}{S}_{k}(t)\,I(t)}{N(t)}-(\mu +\gamma )\,I(t),\\ \frac{dA(t)}{dt} & = & \gamma I(t)-\delta A(t),\end{array}$$\end{document}$$in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N(t)={\sum }_{k=1}^{n}\,{S}_{k}(t)+I(t)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${S}_{i}(t)\,(i=1,2,\ldots ,n)$$\end{document}$ denote the *n* individuals susceptible to infection subgroups. Hence, the individuals in each group have homogeneous susceptibility, but the susceptibilities of individuals from different groups are distinct. The susceptibles are distributed into *n* susceptible subgroups based on their inherent susceptibilities. This is done in such a way that the input flow into group *S* ~*k*~ is $\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{0}({S}_{1}^{0},{S}_{2}^{0},\ldots ,{S}_{n}^{0},\mathrm{0)}$$\end{document}$ of system (1.3) in ref.^[@CR14]^.

And reproductive number obtained in ref.^[@CR13]^ $$\documentclass[12pt]{minimal}
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It is well recognized fact that real life is full of randomness and stochasticity. Hence the epidemic models are always affected by the environmental noise (in cite refs^[@CR15]--[@CR22]^). In refs^[@CR23]--[@CR28]^, the stochastic models may be more convenient epidemic models in many situations^[@CR29]^. Have previously used the technique of parameter perturbation to examine the effect of environmental stochasticity in a model of AIDS and condom use. They found that the introduction of stochastic noise changes the basic reproduction number of the disease and can stabilize an otherwise unstable system. Thus in this paper, we first introduce white noise to consider the small perturbation in environment. To establish the stochastic differential equation (SDE) model, we naturally use the equation in the form of differential$$\documentclass[12pt]{minimal}
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                \begin{document}$$d{S}_{k}(t)=[\mu ({S}_{k}^{0}-{S}_{k}(t))-\frac{\beta {\alpha }_{k}{S}_{k}(t)\,I(t)}{N(t)}]\,dt,\quad 1\le k\le n.$$\end{document}$$Here \[*t*, *t* + Δ*t*) is a small time interval and *d*⋅ for the small change. For example *dS* ~*k*~(*t*) = *S* ~*k*~(*t* + *dt*) − *S* ~*k*~(*t*), 1 ≤ *k* ≤ *n* and the change *dS* ~*k*~(*t*) is described by ([1.5](#Equ5){ref-type=""}). Consider the effective contact rate constant of infected individual *βα* ~*k*~, 1 ≤ *k* ≤ *n* in the deterministic model. The total number of newly increased *I* in the small interval \[*t*, *t* + *dt*) is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\beta {\alpha }_{k}}dt=\beta {\alpha }_{k}dt+{\sigma }_{k}d{B}_{k}(t)\quad 1\le k\le n.$$\end{document}$$Here *dB* ~*k*~(*t*) = *B* ~*k*~(*t* + *dt*) − *B* ~*k*~(*t*) (*k* = 1, 2, ..., *n*) is the increment of a standard Brownian motion. And *B* ~*k*~(*t*) (*k* = 1, 2, ..., *n*) are independent standard Brownian motions with *B* ~*k*~(0) = 0 (*k* = 1, 2, ..., *n*) and $\documentclass[12pt]{minimal}
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                \begin{document}$$(k=1,2,\ldots ,n)$$\end{document}$ denote the intensities of the white noise. Thus the number of newly increasing *I* that each subgroups *S* ~*k*~, 1 ≤ *k* ≤ *n* infected in \[*t*, *t* + *dt*\] is normally distributed with mean *βα* ~*k*~ *dt* and variance $\documentclass[12pt]{minimal}
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Therefore we replace *βα* ~*k*~ *dt* in equation ([1.5](#Equ5){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\mathcal M} =\{1,2,\ldots ,L\}$$\end{document}$. In this paper, we consider the HIV disease spread between environmental regimes. Because the HIV epidemic model may be influenced by different social cultures, we also introduce the telegraph noise to consider HIV disease spread between different social cultures that is the large disturbance in environment. That is following stochastic DS-I-A model disturbed by white and telephone noises.$$\documentclass[12pt]{minimal}
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                \begin{document}$$l\in  {\mathcal M} $$\end{document}$. This system is operated as follows: If *ξ*(1) = *l* ~1~, the system obeys systems (1.7) with *l* = *l* ~1~ till time *τ* ~1~ when the Markov chain jumps to *l* ~2~ from *l* ~1~; the systems will then obey (1.7) with *l* = *l* ~2~ from *τ* ~1~ till *τ* ~2~ when the Markov chain jumps to *l* ~3~ from *l* ~2~. The system will continue to switch as long as the Markov chain jumps. In other words, the SDE (1.6) can be regarded as (1.7) switching from one to another according to the law of the Markov Chain. Each of (1.7) $\documentclass[12pt]{minimal}
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                \begin{document}$$l\in  {\mathcal M} $$\end{document}$ is hence called a subsystem of the SDE (1.6). We aim to investigate the positive recurrence and extinction. Since system (1.6) is perturbed by both white and telegraph noises, the existence of positive recurrence of the solutions is an important issue. However, to the best of our knowledge, there has been no result related this. In this paper, we attempt to do some work in this field to fill the gap. The theory we used is developed by Zhu and Yin ref.^[@CR37]^. The key difficulty is how to construct a suitable Lyapunov function and a bounded domain. So one of the main aim of this paper is to establish sufficient conditions for the existence of positive recurrence of the solutions to system (1.6).

This paper is organized as follows. In Section 2, we present some preliminaries that will be used in our following analysis. In Section 3, we show that there exists a unique global positive solution of system (1.8). In Section 4, we establish sufficient conditions for extinction of disease. The condition for the disease being persistent is given in Sections 5. In Section 6, we show the existence of positive recurrence.

Preliminaries {#Sec2}
=============

Throughout this paper, unless otherwise specified, let $\documentclass[12pt]{minimal}
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Existence and Uniqueness of Positive Solution {#Sec3}
=============================================

In this section we first show that the solution of system (1.8) is positive and global. To get a unique global (i.e. no explosion in a finite time) solution for any initial value, the coefficients of the equation are required to satisfy the linear growth condition and the local lipschitz condition. However, the coefficients of system (1.8) do not satisfy the linear growth condition, as the item $\documentclass[12pt]{minimal}
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**Theorem 3**.**1** {#FPar1}
-------------------

*There is a unique positive solution X*(*t*) = (*S* ~1~(*t*), *S* ~2~(*t*), ..., *S* ~*n*~(*t*), *I*(*t*)) *of system* (*1*.*8*) *on t* ≥ 0 *for any initial value* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({S}_{1}\mathrm{(0)},{S}_{2}\mathrm{(0)},\ldots ,{S}_{n}\mathrm{(0)},I\mathrm{(0}))\in {{\mathbb{R}}}_{+}^{n+1}$$\end{document}$, *and the solution will remain in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb{R}}}_{+}^{n+1}$$\end{document}$ *with probability 1*, *namely*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({S}_{1}(t),{S}_{2}(t),\ldots ,{S}_{n}(t),I(t))\in {{\mathbb{R}}}_{+}^{n+1}$$\end{document}$ *for all t* ≥ 0.
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Remark 3.1 {#FPar2}
----------
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Extinction {#Sec4}
==========

The other main concern in epidemiology is how we can regulate the disease dynamics so that the disease will be eradicated in a long term. In this section, we shall give a sharp result of the extinction of disease in the stochastic model (1.8).
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-----
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**Remark 4.1** Sufficient criteria of extinction are established for the HIV infectious disease in the stochastic system. Condition (1) of Theorem 4.1 tells us if the noise is strong, then the disease will die out. Condition (2) of Theorem 4.1 is to say if the noise is weak, then the disease also will die out under specific condition.

Persistence {#Sec5}
===========

**Definition 5.1** *System* ([1.8](#Equ11){ref-type=""}) *is said to be persistet in the mean if* $$\documentclass[12pt]{minimal}
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Theorem 5.1 {#FPar5}
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**Remark 5.1** Theorem 5.1 tells us if the the condition of Theorem 5.1 is satisfied, then the disease will proceed. The conditions for the persistence of HIV infectious disease in the stochastic system are sufficient but not necessary.

Positive Recurrence {#Sec6}
===================

In this section, we show the persistence of the disease in the population, but from another point of view. Precisely, we find a domain $\documentclass[12pt]{minimal}
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Theorem 6.1 {#FPar6}
-----------

*Let* (*S* ~1~(*t*), *S* ~2~(*t*), ..., *S* ~*n*~(*t*), *I*(*t*), *ξ*(*t*)) *be the solution of system* (*1*.*8*) *with initial value* $\documentclass[12pt]{minimal}
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*Proof*. Since the coefficients of ([1.8](#Equ11){ref-type=""}) are constants, it is not difficult to show that they satisfy ([5.1](#Equ49){ref-type=""}), ([5.2](#Equ50){ref-type=""}). For all initial value $\documentclass[12pt]{minimal}
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**Remark 6.1** Theorem 6.1 tells us if the condition of Theorem 6.1 satisfied, then system ([1.8](#Equ11){ref-type=""}) correspond to the boundedness of the disease to corresponding deterministic system. That is to say the disease can not spread to whole susceptible population or go to extinct.

Conclusion {#Sec7}
==========

In this paper, we extended the classical DS-I-A epidemic model from a deterministic framework to a stochastic one by incorporating both white and color environmental noise. we have looked at the long-term behavior of our stochastic DS-I-A epidemic model. We established conditions for extinction and persistence of disease which both are sufficient but not necessary. We also proved that the DS-I-A model ([1.8](#Equ11){ref-type=""}) is positive recurrent. We first discussed the conditions for extinction of disease in Section 4, it means that the disease can not spread or be endemic disease. Furthermore, we discussed the condition persistence of disease and if the disease proceed, we explore long-term behavior of the disease in Section 5 and Section 6. That is to say the disease is bounded, namely the disease will be endemic and can not spread to whole susceptible population or go to extinct.

It is interesting to find that if condition of Theorem 5.1 is satisfied, then the equation in ([1.8](#Equ11){ref-type=""}) which *k* = 1, 2, is stochastically permanent, respectively. Hence Theorem 5.1 tells us that if every individual equation is stochastically permanent, then as the result of Markovian switching, the overall behavior, i.e. SDE ([1.8](#Equ11){ref-type=""}), remains stochastically permanent. On the other hand, if condition of Theorem 4.1 is satisfied, for some $\documentclass[12pt]{minimal}
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                \begin{document}$$l\in  {\mathcal M} $$\end{document}$, then every individual in ([1.8](#Equ11){ref-type=""}) is extinctive. Hence Theorem 4.1 tells us that if every individual is extinctive, then as the result of Markovian switching, the overall behavior of SDE ([1.8](#Equ11){ref-type=""}) remains extinctive. However, Theorems 4.1 and 5.1 provide a more interesting result that if some individual equations in ([1.8](#Equ11){ref-type=""}) are stochastically permanent while some are extinctive, again as the result of Markovian switching, the overall behavior of SDE ([1.8](#Equ11){ref-type=""}) may be stochastically permanent or extinctive, depending on the sign of the stationary distribution (*π* ~1~,...,*π* ~*L*~) of the Markov chain *r*(*t*).

Thus the results show that the stationary distribution (*π* ~1~,...,*π* ~*L*~) of the Markov chain *r*(*t*) plays a very important role in determining extinction or persistence of the epidemic in the population. We derived explicit conditions of extinction or persistence of the epidemic:If following conditions satisfied: (i)$\documentclass[12pt]{minimal}
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That is to say the disease will proceed and can not spread to whole susceptible population or go to extinct.

We have illustrated our theoretical results with computer simulations. Finally, this paper is only a first step in introducing switching regime into an epidemic model. In future investigations, we plan to introduce white and color noises into more realistic epidemic models.

Some interesting topics deserve further consideration. On the one hand, one may propose some more realistic but complex models, such as considering the effects of impulsive perturbations on system (1.8). On the other hand, it is necessary to reveal that the methods used in this paper can be also applied to investigate other interesting epidemic models. We leave these as our future work.
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